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Abstract. The paper deals with the real exceptional Lie algebras EIII, EVI, EVII, EIX and their
arbitrary irreducible representations. Hermitian forms invariant relative to these representations
are considered. The existing signature formulae for these forms are improved.

1. Introduction

Consider an irreducible representationϕg → sl(V ) of simple complex exceptional Lie
algebrag. If gσ is a real form of inner type forg, thenϕ(gσ ) ⊂ su(p, q). Let δ = p − q.
Signature formulae for the calculation ofδ were obtained in [1]. In the casegσ = EII,
EV and EVIII they are easy to use. As follows from this paper, it is possible to improve
signature formulae in the casegσ = EIII, EVI, EVII, EIX. Hence the formulae for the
calculation of the number of linearly independent space-like or time-like vectors in the
representation space can be obtained in terms of the highest weight. The results can be
used for the constructions of mathematical models in theoretical physics.

2. Definitions

Definitions used in this paper coincide with those in [1]. Leth be the fixed Cartan
subalgebra of the algebrag and letR be the root system associated with the pair(g, h).
Suppose5 = {α1, . . . , αr} is a set of the simple roots ofR, where r = rank(g). Let
ωi , i = 1, . . . , r be basis representations of the algebrag, that is 2(ωi, αk)/(αk, αk) = δik,

whereαk ∈ 5, i, k = 1, . . . , r. Let symbol

λ1 λ3 λ4 λ5 λr

0—0—0—0—. . .—0
|
0 λ2

denote the representation

with the highest weightλ = ∑r
j=1 λjωj . Let R+ be the set of all positive roots relative to

α1, . . . ,αr and letρ = 1
2.

∑
β∈R+ β be half the sum of the positive rootsR+. Denote by

W the Weyl group ofR. For anyβ ∈ R denote bysβ the reflection defined by the rootβ,
that is sβ(v) = v − 2[(β, v)/(β, β)]β. Let X(λ) = {β|β ∈ R+, (β, 1

2(λ + ρ)) ∈ Z}. Card
(X(λ)) must be taken from table 1. LetCλ = ∏

β∈X(λ)(β, 1
2(λ + ρ)). The root realizations

coincide with those in [1] and [2]. Namely, for any algebra in question the particular basis
ε1, . . . , ε8 was given there.

0305-4470/96/092211+13$19.50c© 1996 IOP Publishing Ltd 2211
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3. The caseg = E6, gσ = EIII

By symbol

(
a c d e f

b

)
denote the rootβ = aα1+bα2+cα3+dα4+eα5+f α6.

If card(X(λ)) = 16, then from [1] it follows that

|δ| = Cλ

211 × 35 × 52 × 7

1

4!

∣∣∣∣ ∑
µi

cos(π(µi − η0, λ + ρ)) · (µi, λ + ρ)4 · dimV µi

∣∣∣∣ (1)

where the sum in (1) embraces all weightsµi of the representation

0 0 0 0 1
0—0—0—0—0

|
0 1

with

the highest weightη0 = ω2 + ω6. Transform formula (1) to give

λ + ρ =
6∑

j=1

(λj + 1) · ωj =
8∑

j=1

hj · εj

where

h1 = 1
6(3λ1 + 6λ2 + 6λ3 + 9λ4 + 6λ5 + 3λ6 + 33)

h2 = 1
6(5λ1 + 4λ3 + 3λ4 + 2λ5 + λ6 + 15)

h3 = 1
6(−λ1 + 4λ3 + 3λ4 + 2λ5 + λ6 + 9)

h4 = 1
6(−λ1 − 2λ3 + 3λ4 + 2λ5 + λ6 + 3)

h5 = 1
6(−λ1 − 2λ3 − 3λ4 + 2λ5 + λ6 − 3)

h6 = 1
6(−λ1 − 2λ3 − 3λ4 − 4λ5 + λ6 − 9)

h7 = 1
6(−λ1 − 2λ3 − 3λ4 − 4λ5 − 5λ6 − 15)

h8 = 1
6(−3λ1 − 6λ2 − 6λ3 − 9λ4 − 6λ5 − 3λ6 − 33).

(2)

Thenµi − η0 = ∑6
j=1 nijαj , wherenij ∈ Z andαj ∈ 5, j = 1, . . . , 6. Hence

cos(π(µi − η0, λ + ρ)) = cos

(
π

6∑
j=1

nij (λj + 1)

)
. (3)

Consider, in accordance with the notations of table 1, the representationλ̄ of

type
o o o o o

e
. Then λ̄ + ρ ' 1

6(60, 30, 18, 6, −6, −18, −30, −60) =
(10, 5, 3, 1, −1, −3, −5, −10) ' (0, 1, −1, 1, −1, 1, −1, 0) ' (0, 1, 1, 1, 1, 1, −1, 0) '
(−1, 0, 0, 0, 0, 0, −2, −1) ' (2, 0, 0, 0, 0, 0, 0, 0).

The notation ‘λ + ρ ' · · ·’ means here and everywhere below that the transformation
does not change the value of (3). Furthermore, using the table of all weightsµi of the

representation

0 0 0 0 1
0—0—0—0—0

|
0 1

[1], we derive from (1) the formula

|δ| = Cλ̄

211 × 35 × 52 × 7

∣∣∣∣ − 84h4
1 + 12h2

1 ·
7∑

j=2

h2
j − 4

7∑
j=2

h4
j +

( 7∑
j=2

h2
j

)2∣∣∣∣. (4)

It is possible to consider in the same way the other 35 cases when card(X(λ)) = 16 and
to derive the table ofδ similar to those in [3]. But the table would be too big in the cases
g = E7 andg = E8. To overcome this we use the following lemma.
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Table 1. Card(X(λ)), g = E6, E7, E8. Symbol e (o) in the columnλi denotes an even (odd)
λi . Symbol a denotes anyλi independent of whether it is even or odd.

Representation Card(X(λ)) Card(X(λ)) Card(X(λ))
λ1 λ3 λ4 λ5 λ6

λ2
g = E6 λ7 g = E7 λ8 g = E8

a e a e a
e

e e e o a
o

e 28 a 56

S11
e o a e a

e
o e o o a

o
16 e 56

a o e o a
o

o 31 o 64

a e a o e
e

e e e e e
o

o 28 a 56

e o a o ]e
]e

o e e e o
o

S12
o o a o o

e

e e o e o
o

16

a o e e e
o

o e o e e
o

e 31 e 56

a o o e o
o

o 64

o o a e a
e

o e e o a
o

e 36 a 64

e 64

S21
e a o o a

o
o o o o e

o
20 o 31 o 56

a e a o o
e

e e e e o
o

o 36 a 64

e o a o o
e

o e e e e
o

S22
o o a o e

e
e e o e e

o
20

a o e e o
o

o e o e o
o

e 31 e 64

a o o e e
o

o 56

e 36 a 64

S31
o o o o o

o
36 e 64

o 63 o 120

Lemma 1. Let λ = ∑6
j=1 λjωj be the highest weight of the representationϕ : E6 → sl(V )

and let card(X(λ)) = 16. For any suchλ there exists an elementw from the Weyl
group W such thatw(λ + ρ) ' (2, 0, 0, 0, 0, 0, 0, 0). The results of the lemma are
derived by straightforward calculation, using table 2. The necessary elementsw are the
compositions of the reflectionssβ defined by the roots from the lineβ of table 2. For

example, forλ of type
e e e e e

e
the rootβ is

(
1 1 2 1 1

1

)
andw(λ + ρ) =

sβ(λ + ρ) ' (2, 0, 0, 0, 0, 0, 0, 0). For λ of type
e o o e e

e
the rootsβ1 and β2
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Table 2. The elementw ∈ W such thatw(λ + ρ) ≡ e e e e e
o

(mod 2).

The type ofλ
e e e e e

e
e o e e e

e
e e e o e

e
o e o e e

e
e e o e o

e

The rootβ

(
1 1 2 1 1

1

)(
0 1 2 1 1

1

)(
1 1 2 1 0

1

)(
1 2 2 1 1

1

)(
1 1 2 2 1

1

)
w ∈ W sβ sβ sβ sβ sβ

The type ofλ
e e e e e

o
e o e e e

o
e e e o e

o
o e o e e

o
e e o e o

o

The rootβ

(
0 1 1 1 0

1

)(
1 1 1 1 0

1

)(
0 1 1 1 1

1

)(
0 0 1 1 0

1

)(
0 1 1 0 0

1

)
w ∈ W sβ sβ sβ sβ sβ

The type ofλ
o o e o o

o
e o e o e

o
o e e e o

o
o o e o o

e
e o e o e

e

The rootβ

(
1 2 3 2 1

1

)(
1 1 1 1 1

1

)(
0 0 1 0 0

1

)(
0 0 0 0 0

1

)(
0 1 2 1 0

1

)
w ∈ W sβ sβ sβ sβ sβ

The type ofλ
o e e e o

e
e o o e o

e
o e o o e

e
e o o e o

o
o e o o e

o

The rootβ

(
1 2 2 2 1

1

)(
0 1 2 2 1

1

)(
1 2 2 1 0

1

)(
1 1 1 0 0

1

)(
0 0 1 1 1

1

)
w ∈ W sβ sβ sβ sβ sβ

The type ofλ
o e e e e

e
e e e e o

e
e e o e e

e
e o o e e

e
e e o o e

e

The rootβ1

(
1 2 2 1 1

1

)(
1 1 2 2 1

1

)(
1 1 2 1 1

1

)(
0 1 2 1 1

1

)(
1 1 2 1 0

1

)
The rootβ2

(
0 0 0 0 0

1

)(
0 0 0 0 0

1

)(
0 0 0 0 0

1

)(
0 0 0 0 0

1

)(
0 0 0 0 0

1

)
w ∈ W sβ2 B sβ1 sβ2 B sβ1 sβ2 B sβ1 sβ2 B sβ1 sβ2 B sβ1

The type ofλ
o e o e o

e
o o e e e

o
e e e o o

o
o e e o e

e
e o e e o

e

The rootβ1

(
1 2 2 2 1

1

)(
1 2 2 2 1

1

)(
1 2 2 2 1

1

)(
1 2 2 1 0

1

)(
0 1 2 2 1

1

)
The rootβ2

(
0 0 0 0 0

1

)(
0 0 1 1 1

1

)(
1 1 1 0 0

1

)(
0 0 0 0 0

1

)(
0 0 0 0 0

1

)
w ∈ W sβ2 B sβ1 sβ2 B sβ1 sβ2 B sβ1 sβ2 B sβ1 sβ2 B sβ1

The type ofλ
e o e o o

o
o o e o e

o
o e o o o

o
o o o e o

o
e o o o e

e

The rootβ1

(
1 2 2 2 1

1

)(
1 2 2 2 1

1

)(
1 1 2 1 0

1

)(
0 1 2 1 1

1

)(
0 1 2 1 0

1

)
The rootβ2

(
0 1 1 0 0

1

)(
0 0 1 1 0

1

)(
1 1 1 1 1

1

)(
1 1 1 1 1

1

)(
0 0 0 0 0

1

)
w ∈ W sβ2 B sβ1 sβ2 B sβ1 sβ2 B sβ1 sβ2 B sβ1 sβ2 B sβ1

The type ofλ
o o o o o

e
The rootβ —
w ∈ W Id

are

(
0 1 2 1 1

1

)
and

(
0 0 0 0 0

1

)
. So w(λ + ρ) = sβ2 B sβ1(λ + ρ) =
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sβ2(sβ1(λ + ρ)) ' (2, 0, 0, 0, 0, 0, 0, 0). From lemma 1 it follows that it is possible to use
the multinomial expression (4) for the calculation ofδ. Hence from theorem 2 [1] and
lemma 1 we derive the following theorem.

Theorem 1. Supposeg = E6, gσ = EIII and λ = ∑6
j=1 λjωj is the highest weight of

arbitrary representationϕ : E6 → sl(V ).
If card(X(λ)) = 20, then|δ| = Cλ

25×35×52×7.
If card(X(λ)) = 36, thenδ = 0.
If card(X(λ)) = 16, then

|δ| = Cλ

211 × 35 × 52 × 7

∣∣∣∣ − 84h4
1 + 12h2

1

7∑
j=2

h2
j − 4

7∑
j=2

h4
j +

( 7∑
j=2

h2
j

)2∣∣∣∣ (5)

wherehj , j = 1, . . . , 8 are the components of the vectorw(λ + ρ) in the basisε1, . . . , ε8

andw ∈ W must be taken from table 2.

4. Remarks

The elementsw ∈ W in lemma 1 and theorem 1 are not unique. Namely, we can give the
following definition.

Let λ be the highest weight of the irreducible representationϕ : E6 → sl(V ). Consider
the subgroupHλ < W generated by allw ∈ W such that 2

(αk,αk)
(w(λ + ρ) − (λ + ρ), αk)

is even,k = 1, . . . , rank(g), that is 2(w(λ+ρ),αk)

(αk,αk)
≡ 2(λ+ρ,αk)

(αk,αk)
(mod 2). We shall callHλ the

stabilizer ofλ. If w ∈ Hλ, then we shall writew(λ + ρ) ≡ λ + ρ (mod 2).
Consider, in accordance with the notations of table 1, the representationλ̄ of type

o o o o o
e

. That is the type of̄λ + ρ is
e e e e e

o
. Consider, furthermore,

the co-set decomposition of the Weyl groupW with respect to the subgroupHλ̄. Then the
elementsw in lemma 1 represent the co-set classesW/Hλ̄. For example, considerλ =∑6

j=1 λjωj of type
e e e e e

e
and the reflectionsβ , whereβ =

(
1 1 2 1 1

1

)
.

Then sβ(λ + ρ) = λ + ρ − (λ1 + λ2 + λ3 + 2λ4 + λ5 + λ6 + 7)

(
1 1 2 1 1

1

)
=∑6

j=1(λj +1)ωj − (λ1 +λ2 +λ3 +2λ4 +λ5 +λ6 +7)(ω1 −ω3 +ω4 −ω5 +ω6) = ∑6
j=1 ajωj

where the integersaj , j = 1, 3–6 are even and the integera2 is odd. Hence,sβ(λ+ρ) ≡ λ̄+ρ

(mod 2). Furthermore, from table 2 it follows thatW acts transitive on the setS11 ∪ S12

and it is not necessary to reduce all 36 cases to
o o o o o

e
. They are all equivalent.

Formula (4) simply would change if we reduce to some other case.

5. The caseg = E7, gσ = EVI, EVII

Let symbol

(
a c d e f g

b

)
denote the rootβ = aα1 + bα2 + cα3 + dα4 + eα5 +

f α6 + gα7. Let card(X(λ)) = 28. If gσ = EVI, then from theorem 4 [1] it follows that

|δ| = Cλ

220 × 39 × 54 × 72

1

3!

∣∣∣∣ ∑
µi

cos(π(µi − η0, λ + ρ))(µi, λ + ρ)3 dimV µi

∣∣∣∣ (6)
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where the sum in (6) embraces all weightsµi of the representation

0 0 0 0 0 0
0—0—0—0—0—0

|
0 1

with the highest weightη0 = ω2. If gσ = EVII, then from theorem 5 [1] it follows that

|δ| = Cλ

225 × 310 × 55 × 73 × 11

1

8!

∣∣∣∣ ∑
µi

cos(π(µi − η0, λ + ρ))(µi, λ + ρ)8 dimV µi

∣∣∣∣ (7)

where the sum in (7) embraces all weightsµi of the representation

1 1 0 0 0 0
0—0—0—0—0—0

|
0 0

with the highest weightη0 = ω1 + ω3. Transforming formulae (6) and (7)

λ + ρ =
7∑

j=1

(λj + 1)ωj =
8∑

j=1

hjεj

where

h1 = 1
4(4λ1 + 7λ2 + 8λ3 + 12λ4 + 9λ5 + 6λ6 + 3λ7 + 49)

h2 = 1
4(−λ2 + λ5 + 2λ6 + 3λ7 + 5)

h3 = 1
4(−λ2 + λ5 + 2λ6 − λ7 + 1)

h4 = 1
4(−λ2 + λ5 − 2λ6 − λ7 − 3)

h5 = 1
4(−λ2 − 3λ5 − 2λ6 − λ7 − 7)

h6 = 1
4(−λ2 − 4λ4 − 3λ5 − 2λ6 − λ7 − 11)

h7 = 1
4(−λ2 − 4λ3 − 4λ4 − 3λ5 − 2λ6 − λ7 − 15)

h8 = 1
4(−4λ1 − λ2 − 4λ3 − 4λ4 − 3λ5 − 2λ6 − λ7 − 19).

(8)

Consider the representation̄λ of type
o o o o o o

e
. That is the type ofλ̄ + ρ

is
e e e e e e

o
. Discussing this in the same way as before we findλ̄ + ρ '

(2, 0, 0, 0, 0, 0, 0, 0). Furthermore, using the table of all weightsµi of the representation
0 0 0 0 0 0
0—0—0—0—0—0

|
0 1

, we derive from (6) the formula

|δ| = Cλ̄

220 × 39 × 54 × 72

8

3

∣∣∣∣ 8∑
j=1

h3
j

∣∣∣∣. (9)

Similarly, using the table of all weightsµi of the representation

1 1 0 0 0 0
0—0—0—0—0—0

|
0 0

, we

derive from (7) the formula

|δ| = Cλ̄

225 × 310 × 55 × 73 × 11

×
∣∣∣∣ − 128

8∑
j=1

h8
j + 256

3

( 8∑
j=1

h6
j

)( 8∑
j=1

h2
j

)
+ 1088

15

( 8∑
j=1

h5
j

)( 8∑
j=1

h3
j

)
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+16

( 8∑
j=1

h4
j

)2

− 24

( 8∑
j=1

h4
j

)( 8∑
j=1

h2
j

)2

−279

9

( 8∑
j=1

h3
j

)2( 8∑
j=1

h2
j

)
+ 5

3

( 8∑
j=1

h2
j

)4∣∣∣∣. (10)

Consider the other 35 cases when card(X(λ′)) = 28 and reduce the caseg = E7 to
the caseg = E6. From table 1 it follows that there exists one-to-one correspondence
between the highest weightsλ of the algebrag = E6 such that card(X(λ)) = 16 and
the highest weightsλ′ of the algebrag = E7 such that card(X(λ′)) = 28. Namely,

any λ =
λ1 λ3 λ4 λ5 λ6

0—0—0—0—0
|
0 λ2

∈ S11 corresponds toλ′ =
λ1 λ3 λ4 λ5 λ6 e
0—0—0—0—0—0

|
0 λ2

and any

λ =
λ1 λ3 λ4 λ5 λ6

0—0—0—0—0
|
0 λ2

∈ S12 corresponds toλ′ =
λ1 λ3 λ4 λ5 λ6 o
0—0—0—0—0—0

|
0 λ2

. The foregoing

proves the following lemma.

Lemma 2. Consider a regular subalgebra E6 embedded naturally in E7. Namely
α1 α3 α4 α5 α6 α7

0—0—0—0—0—∅
|
0 α2

⊂
α1 α3 α4 α5 α6 α7

0—0—0—0—0—0
|
0 α2

, where the rootα7 is deleted. Letλ′ =

∑7
j=1 λjωj =

λ1 λ3 λ4 λ5 λ6 λ7

0—0—0—0—0—0
|
0 λ2

be the highest weight of the representationϕ : E7 →

sl(V ) and let card(X(λ′)) = 28. Then for the representation =

λ1 λ3 λ4 λ5 λ6

0—0—0—0—0
|
0 λ2

of the

algebra E6 we have card(X(λ)) = 16. Consider the rootβ =
(

β1 β3 β4 β5 β6

β2

)
from table 2 such thatsβ(λ + ρ) ≡ e e e e e

o
(mod 2). Then the root

β ′ =
(

β1 β3 β4 β5 β6 0
β2

)
= β + 0 · α7 definessβ , such thatsβ ′(λ′ + ρ) ≡

e e e e e e
o

(mod 2). From theorems 4 and 5 [1] and lemma 2 we derive, using

formulae (9) and (10), the following theorem.

Theorem 2. Supposeλ = ∑7
j=1 λjωj is the highest weight of arbitrary representation

ϕ : E7 → sl(V ). Let gσ = EVI.
If card(X(λ)) = 31, then|δ| = Cλ

216×39×54×72 .
If card(X(λ)) = 36 or 63, thenδ = 0.
If card(X(λ)) = 28, then

|δ| = Cλ

220 × 39 × 54 × 72

8

3

∣∣∣∣ 8∑
j=1

h3
j

∣∣∣∣. (11)

Let gσ = EVII.
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If card(X(λ)) = 36, then|δ| = Cλ

213×310×55×73×11.
If card(X(λ)) = 31 or 63, thenδ = 0.
If card(X(λ)) = 28, then

|δ| = Cλ

225 × 310 × 55 × 73 × 11

×
∣∣∣∣ − 128

8∑
j=1

h8
j + 256

3

( 8∑
j=1

h6
j

)( 8∑
j=1

h2
j

)
+ 1088

15

( 8∑
j=1

h5
j

)( 8∑
j=1

h3
j

)

+16

( 8∑
j=1

h4
j

)2

− 24

( 8∑
j=1

h4
j

)( 8∑
j=1

h2
j

)2

−279

9

( 8∑
j=1

h3
j

)2( 8∑
j=1

h2
j

)
+ 5

3

( 8∑
j=1

h2
j

)4∣∣∣∣ (12)

wherehj , j = 1, . . . , 8 in formulae (11) and (12) are the components of the vectorw(λ+ρ)

in the basisε1, . . . , ε8 andw ∈ W must be defined in accordance with table 2 and lemma 2.

6. The caseg = E8, gσ = EIX

By symbol

(
a c d e f g h

b

)
denote the rootβ = aα1 + bα2 + cα3 + dα4 +

eα5 + f α6 + gα7 + hα8.
If card(X(λ)) = 56, then from [1] it follows that

|δ| = Cλ

250 × 322 × 510 × 76 × 113 × 132 × 17

× 1

8!

∣∣∣∣ ∑
µi

cos(π(µi − η0, λ + ρ))(µi, λ + ρ)8 dimV µi

∣∣∣∣ (13)

where the sum in (13) embraces all weightsµi of the representation

1 1 0 0 0 0 0
0—0—0—0—0—0—0

|
0 0

with the highest weightη0 = ω1 + ω3.
Transforming formula (13)

λ + ρ =
8∑

j=1

(λj + 1)ωj =
8∑

j=1

hjεj

where

h1 = 1
2(4λ1 + 5λ2 + 7λ3 + 10λ4 + 8λ5 + 6λ6 + 4λ7 + 2λ8 + 46)

h2 = 1
2(λ2 + λ3 + 2λ4 + 2λ5 + 2λ6 + 2λ7 + 2λ8 + 12)

h3 = 1
2(λ2 + λ3 + 2λ4 + 2λ5 + 2λ6 + 2λ7 + 10)

h4 = 1
2(λ2 + λ3 + 2λ4 + 2λ5 + 2λ6 + 8)

h5 = 1
2(λ2 + λ3 + 2λ4 + 2λ5 + 6)

h6 = 1
2(λ2 + λ3 + 2λ4 + 4)

h7 = 1
2(λ2 + λ3 + 2)

h8 = 1
2(λ2 − λ3).

(14)
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Consider the representation̄λ of type
e o o o o o o

o
. That is the type of

λ̄ + ρ is
o e e e e e e

e
. Discussing this in the same way as previously we find

λ̄ + ρ ' (2, 0, 0, 0, 0, 0, 0, 0). Then from (13) we derive

|δ| = Cλ̄

250 × 322 × 510 × 76 × 113 × 132 × 17

2

3

×
∣∣∣∣ − 48

8∑
j=1

h8
j + 32

( 8∑
j=1

h6
j

)( 8∑
j=1

h2
j

)
+ 108

( 8∑
j=1

h4
j

)2

−60

( 8∑
j=1

h4
j

)( 8∑
j=1

h2
j

)2

+ 7

( 8∑
j=1

h2
j

)4

− 6528h1h2h3h4h5h6h7h8

∣∣∣∣. (15)

Let λ′ =
λ1 λ3 λ4 λ5 λ6 λ7 λ8

0—0—0—0—0—0—0
|
0 λ2

. From table 1 it follows that there are 135 cases when

card(X(λ′)) = 56.

6.1.

Consider 108 cases when

λ1 λ3 λ4 λ5 λ6

0—0—0—0—0
|
0 λ2

∈ S11 or S12.

Lemma 3. Let the type ofλ̄ be
e o o o o o o

o
.

If γ =
(

1 3 5 4 3 2 1
3

)
, thensγ (λ̄ + ρ) ≡ e e e e e e e

o
(mod 2).

If γ =
(

1 1 1 1 1 1 1
0

)
, thensγ (λ̄ + ρ) ≡ e e e e e e o

o
(mod 2).

If γ =
(

1 1 1 1 1 1 0
0

)
, thensγ (λ̄ + ρ) ≡ e e e e e o o

o
(mod 2).

Lemma 4. Consider a regular subalgebra E6 embedded naturally in E8. Namely
α1 α3 α4 α5 α6 α7 α8

0—0—0—0—0—∅—∅
|
0 α2

⊂
α1 α3 α4 α5 α6 α7 α8

0—0—0—0—0—0—0
|
0 α2

, where the rootsα7 and α8 are

deleted. Letλ′ =
λ1 λ3 λ4 λ5 λ6 λ7 λ8

0—0—0—0—0—0—0
|
0 λ2

be the highest weight of the representation

ϕ : E8 → sl(V ) such that card(X(λ′)) = 56. Ignore the marksλ7 and λ8 and suppose

λ =
λ1 λ3 λ4 λ5 λ6

0—0—0—0—0
|
0 λ2

∈ S11 or S12.

Let w ∈ W correspond toλ in table 2. If λ ∈ S11 and the marksλ7 and λ8 are
even or λ ∈ S12 and λ7 is odd andλ8 is even, thensγ (w(λ′ + ρ)) ≡ λ̄ + ρ (mod
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2), whereγ =
(

1 1 1 1 1 1 1
0

)
. If λ ∈ S11 and λ7 is even andλ8 is odd

or λ ∈ S12 and the marksλ7 and λ8 are odd, thensγ (w(λ′ + ρ)) ≡ λ̄ + ρ (mod 2),

where γ =
(

1 3 5 4 3 2 1
3

)
. If λ ∈ S11 and λ7 is odd andλ8 is even or

λ ∈ S12 and the marksλ7 and λ8 are even, thensγ (w(λ′ + ρ)) ≡ λ̄ + ρ (mod 2), where

γ =
(

1 1 1 1 1 1 0
0

)
.

Lemmas 3 and 4 are derived by straightforward calculation.

6.2.

Consider 16 cases whenλ∗ =
λ1 λ3 λ4 λ5 λ∗

6
0—0—0—0—0

|
0 λ2

∈ S22.

From table 1 it follows that ifλ∗ =
λ1 λ3 λ4 λ5 λ∗

6
0—0—0—0—0

|
0 λ2

∈ S22 and if we change the

evenness ofλ∗
6, then we obtainλ =

λ1 λ3 λ4 λ5 λ6

0—0—0—0—0
|
0 λ2

∈ S12 andvice versa. Discussing this

in the same way as before we derive the following lemma.

Lemma 5. Let the type ofλ̄ be
e o o o o o o

o
.

If γ =
(

1 1 1 1 1 0 0
0

)
, thensγ (λ̄ + ρ) ≡ e e e e o o e

o
(mod 2).

Let λ∗ =
λ1 λ3 λ4 λ5 λ∗

6
0—0—0—0—0

|
0 λ2

∈ S22 and letλ =
λ1 λ3 λ4 λ5 λ6

0—0—0—0—0
|
0 λ2

∈ S12 be the highest

weight with the changed evenness ofλ∗
6. Let w ∈ W correspond toλ in table 2.

If λ′ =
λ1 λ3 λ4 λ5 λ∗

6 e o
0—0—0—0—0—0—0

|
0 λ2

, thensγ (w(λ′ + ρ)) ≡ λ̄ + ρ (mod 2).

Hence in the casesS11, S12 and S22 we derive, using lemmas 3–5, table 3 for the
definition of w ∈ W such thatw(λ′ + ρ) ≡ λ̄ + ρ (mod 2).

6.3.

Consider 11 cases when

λ1 λ3 λ4 λ5 λ6

0—0—0—0—0
|
0 λ2

∈ S21.

Discussing this in the same way as we have done previously we derive table 4 for the
definition of w ∈ W such thatw(λ′ + ρ) ≡ λ̄ + ρ (mod 2).

From theorem 7 [1] and the foregoing results we derive the following theorem.
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Table 3. The elementsw ∈ W in the casesλ ∈ S11, S12, S22. The integersλ6 and λ∗
6 in

the caseS22 satisfy the congurenceλ6 ≡ λ∗
6 + 1 (mod 2). If card(X(λ)) = 20 for g = E6 or

card(X(λ)) = 31 for g= E7, thenw ∈ W is not necessary for these algebras.

g = E6 g = E7 g = E8
λ1 λ3 λ4 λ5 λ6

λ2
w ∈ W λ7 w ∈ W λ8 w ∈ W

e γ =
(

1 1 1 1 1 1 1
0

)
, w from table 2

sγ B w

e w from

table 2 o γ =
(

1 3 5 4 3 2 1
3

)
, w from table 2

S11 w from sγ B w

table 2

o card=31 e γ =
(

1 1 1 1 1 1 0
0

)
, w from table 2

sγ B w

e γ =
(

1 1 1 1 1 1 1
0

)
, w from table 2

sγ B w

o w from

table 2 o γ =
(

1 3 5 4 3 2 1
3

)
, w from table 2

S12 w from sγ B w

table 2

e card=31 e γ =
(

1 1 1 1 1 1 0
0

)
, w from table 2

sγ B w

S22 card=20 e card=31 o γ =
(

1 1 1 1 1 0 0
0

)
sγ B w

w from table 2 for
λ1 λ3 λ4 λ5 λ∗

6
λ2

Theorem 3. Supposeλ = ∑8
j=1 λjωj is the highest weight of arbitrary representation

ϕ : E8 → sl(V ). let gσ = EIX.
If card(X(λ)) = 64, then|δ| = Cλ

236×322×510×76×113×132×17.
If card(X(λ)) = 120, thenδ = 0.
If card(X(λ)) = 56, then

|δ| = Cλ

250 × 322 × 510 × 76 × 113 × 132 × 17

2

3

×
∣∣∣∣ − 48 ·

8∑
j=1

h8
j + 32

( 8∑
j=1

h6
j

)( 8∑
j=1

h2
j

)
+ 108

( 8∑
j=1

h4
j

)2

−60

( 8∑
j=1

h4
j

)( 8∑
j=1

h2
j

)2

+ 7

( 8∑
j=1

h2
j

)4

− 6528h1h2h3h4h5h6h7h8

∣∣∣∣ (16)
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Table 4. The elementsw ∈ W in the caseλ ∈ S21. Symbols e(o,a) have the same meaning as
in tables 1–4.

The type ofλ
o o o e o o o

e
e e o o e o o

o
o o e e e o o

e
o e e o e o o

o

The rootβ

(
0 1 2 2 1 0 0

1

) (
0 0 1 1 1 0 0

1

) (
0 1 2 1 1 0 0

1

) (
0 1 1 1 1 0 0

1

)
The rootγ

(
1 2 3 2 1 0 0

2

) (
1 2 3 2 1 0 0

2

) (
1 2 3 2 1 0 0

2

) (
1 2 3 2 1 0 0

2

)
w ∈ W sγ B sβ sγ B sβ sγ B sβ sγ B sβ

The type ofλ
o o o e e o o

e
o e e o o o o

o
o o e e o o o

e
e e o o o o o

o

The rootβ1

(
0 1 2 1 1 0 0

1

) (
1 2 2 2 1 0 0

1

) (
0 1 2 2 1 0 0

1

) (
1 1 2 1 0 0 0

1

)
The rootβ2

(
0 0 0 0 0 0 0

1

) (
1 1 1 0 0 0 0

1

) (
0 0 0 0 0 0 0

1

) (
1 1 1 1 1 0 0

1

)
The rootγ

(
1 2 3 2 1 0 0

2

) (
1 2 3 2 1 0 0

2

) (
1 2 3 2 1 0 0

2

) (
1 2 3 2 1 0 0

2

)
w ∈ W sγ B sβ2 B sβ1 sγ B sβ2 B sβ1 sγ B sβ2 B sβ1 sγ B sβ2 B sβ1

The type ofλ
e o o o e o o

o
o o o o e o o

o
e o o o o o o

o

The rootβ

(
1 1 1 1 0 0 0

0

) (
1 1 1 1 1 0 0

1

)
—

The rootγ

(
1 1 1 0 0 0 0

1

) (
1 2 3 2 1 0 0

1

)
—

w ∈ W sγ B sβ sγ B sβ Id
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wherehj , j = 1, . . . , 8 in formula (16) are the components of the vectorw(λ + ρ) in the
basisε1, . . . , ε8 andw ∈ W must be defined in accordance with tables 3 and 4.

7. Examples

Consider the representationλ =
0 1 0 0 1
0—0—0—0—0

|
0 0

of the algebra E6.

Let gσ = EIII. Then card(X(λ)) = 16, λ ∈ S11 and Cλ = 1 451 520.
From table 2 it follows that w(λ + ρ) = sβ2 B sβ1(λ + ρ), where β1 =(

0 1 2 2 1
1

)
andβ2 =

(
0 0 0 0 0

1

)
. Hence from (2) we derivew(λ + ρ) =

1
3(6, 25, −5, −11, −17, 7, 1, −6) and from (5) it follows that|δ| = 75. Consider the

representationλ =
0 1 0 0 1 0
0—0—0—0—0—0

|
0 0

of the algebra E7. Then card(X(λ)) = 28 and

Cλ = 219×39×53×72×11. From tables 3 and 2 it follows thatw(λ+ρ) = sβ2 Bsβ1(λ+ρ),

whereβ1 =
(

0 1 2 2 1 0
1

)
andβ2 =

(
0 0 0 0 0 0

1

)
. Hence from (8) we

derivew(λ + ρ) = 1
4(43, 27, −13, −21, 11, 3, −5, −45). Let gσ = EVI, then from (11) it

follows that |δ| = 99. Letgσ = EVII, then from (12) it follows that|δ| = 7371.

Consider the representationλ =
0 1 0 0 1 0 0
0—0—0—0—0—0—0

|
0 0

of the algebra E8. Let

gσ = EIX. Then card(X(λ)) = 56 andCλ = 242×322×58 ×77 ×113 ×132. From tables 3

and 2 it follows thatw(λ+ρ) = sγ Bsβ2 Bsβ1(λ+ρ), whereβ1 =
(

0 1 2 2 1 0 0
1

)
,

β2 =
(

0 0 0 0 0 0 0
1

)
and γ =

(
1 1 1 1 1 1 1

0

)
. Hence from

(14) we derivew(λ + ρ) = (20, −2, 16, 6, 4, 12, 10, 8) and from (16) it follows that
|δ| = 2 046 870.
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